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ABSTRACT

The Shannon-McMillan theorem tells us the number of “typical” outcomes of
an experiment in which one observes some discrete-valued function of an
ergodic dynamical system for many time-steps; it also tells us that most such
outcomes are roughly equally likely. Here it is shown that the same uniformity
holds when several different measurements are made on the system over the
course of time, provided that each sort of measurement is made many times in
direct succession.

The Shannon-McMillan theorem ([S], [M]) gives a uniformity property for
the masses of the components of the partition V/_;, T~'P as n — oo, where T is
an ergodic measure-preserving transformation of a measure space (X, u, &)
and Pis a finite partition of X. In particular, the theorem says that forall¢ > 0,
there exists N such that for all » = N, all but ¢ in measure of the components of
the partition V., T~'P have u-measure e "**? where h = h(T, P) is the
entropy of the process T, P. (Here, as hereafter, # + ¢ denotes some quantity
between h —ecand & +¢.)

Note that (V/_, T~'P)(x) (the component of V'_, T~'P containing the point
x) determines a sequence of n “symbols” ki, k,, . . ., k,, with T"x belonging to
the k;th component of Pfor 1 < i = n; this string is called the P-name of length
n determined by the point x. We will freely pass back and forth between
thinking of P(x) as a “name” (a string of symbols) and an “atom” (a point in
the finite probability space P, u).
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In this article we prove a uniformity result for “motley” names, such as the
names that correspond to components of the partition

Pr=V T-Pv V T-Q,
i=1 i=n+1

with 1 = n, = n,. In general, we look at names consisting of a block of symbols
from one alphabet, followed by a block of symbols from some other alphabet,
and so on. We will show that all but a tiny fraction of the components of such a
partition have the same mass, to within an exponentially small factor; for
example, in the case of the partition P*defined above, the theorem proved here
implies that given any ¢ > 0, all but ¢ of the components of the partition P*
have mass e~ "*T-Pe-—mAT.0) to within a factor of e*"* as long as n, is
sufficiently large. Note that this is exactly the result we would get if we
pretended the blocks were independent of one another and applied the
standard Shannon-McMillan theorem to each block individually. What is
more, our main theorem implies that this estimate holds for all the cylinder
sets P*(x) as n; (and hence also P*) varies, provided that a set of small measure
(not depending on #n,) is disregarded. This strengthened result has been useful
in showing that certain randomly constructed codes from one process to
another are as close to being invertible as is consistent with entropy con-
straints; and such codes are in turn instrumental in the author’s proof of the
existence of unilateral (or “one-sided”) factor maps from finite entropy
independent processes onto mixing Markov chains of the same entropy [Pr].
This work on one-sided factor maps provides the motivation for proving all
our results in a past-conditional way, whereby we estimate not just the absolute
probabilities of long motley names but their conditonal probabilities given the
infinite past of some measurement on the system.

Let (X, T, o, 1) be an ergodic dynamical system with finite measurable
partitions P, Q, R, PO, P@ . P" The process-entropy of P is equal to the
common value of H(P | Pzl) and lim,_ (1/n)H(P?); we will write this
quantity as 4(T', P), or sometimes just A(P). For x € X, we let P(x) denote the
component of P that contains x. We define P* = T ~"P (“the partition P shifted
to time n™); it has the property that P*(x) = P(T"x). We also introduce the
useful abbreviation

( = the trivial partition if a > b).
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The partition R plays a special reserved role, serving as the “past” upon
which events are conditioned; that is, we condition upon the ¢-algebra R® .
Unconditioned estimates can be gotten by taking R to be trivial. If 8is R®  or
any sub-c-algebra of R® _, we call its constituents fibers, and let %8(x) denote
the fiber containing the point x. Our first result concerns the conditional
distribution of P} on the fibers of 4.

THEOREM 1. Let & be a sub-g-algebra of R® .. Fix0 <¢ < 1. Then foralln
sufficiently large, the function u(P}(x) | B(x)) has value e="*®")%9) on g set of
measure > 1 —¢.

ProoF. Put # = h(P) for convenience. Take positive numbers J,<J, <d <¢;

more specifically,
5<£2—, 6l<5—2, 62<min<51,i,——5—-).
16 3 2h 2(h +9)

By the Shannon-McMillan theorem, when # is large all but 7 in (uncondi-
tioned) measure of the components of P} have measure e ~***%/2: call these
the typical components of P, and let P be the partition whose components
P,, P,, ... are the typical components of P! and whose special component P, is
the union of all the non-typical components of P7. Note that P refines P, so
that H(P) < H(P}), which is less than n(k + d,) for large n. On the other hand,
since all of the components of P (with the exception of a single component P, of
measure < 07 <J,/2h) have measure e~ "**%/2 their joint contribution to
H(P) must be at least

(1 —98,/2h)n(h — 6,/2) > n(h — 6)).

Hence Pis a partition with e"**%) components that satisfies H(P) = n(h + d,).
If n is large, then (1/n)H((P v R)}) is within &, of A(PVvR), so that
H((P v R)}) is within nd, of

nh(PvR)=H(PvR)!|(PVR)",).

That is, the mutual information I((P v R)%; (P v R)" ) is less than nd, and a
fortiori we have I(P; #) < nd,. Thus

H(P | )= H(P)— I(P; B)
; n(h - 61) - n5]
= n(h — 26)).
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That is, H(P | B) has average value at least n(h — 24,) as B varies over 4. But
on the other hand note that #(P)<e"*+%) so that H(P | ®) is less than
n(h +6,) for all BE®. If we apply the usual “Fubini estimate” (and the
condition J, < 8%3), an easy calculation reveals that H(P |B) must exceed
n(h — &) on a set of B’s of measure > 1 — J. Recall also that P, has measure
< 62, so that P, has conditional measure <d, on a set of B’s of measure
> 1 — &,. Call a fiber B good if it satisfies both conditions, that is, if H(P | B)>
n(h — 6) and u(Py| B) <4, The good fibers have total measure >1—d —
J,>1—¢&/2, and we hereafter restrict attention to them.

Let B be a good fiber of 4, and write uz(-) instead of u(- | B). Taking stock
of our progress thus far, we note that:

(a) #(13) < e"h+8) < pnh +5);

(b) H(P | B)> n(h — 6); and

(©) up(Py) <8, A
We also note that no P-measurable set of uz-measure ¢ can contribute more
than cn(h + J) to H(P | B). To see why this continuity principle holds, note
that the contribution made to H(P | B) by M atoms of total uz- measure c is as
large as possible when the atoms all have mass ¢/M, yielding a contribution of

M 1
M- [A—C/Ilog—]=clogM+clog— .
c c

Since M = #(P)<e™*% and clog(l/c) <1, the contribution is bounded
above by cn(h + d,) + 1, which for large n is less than cn(h + J).

Let % be the collection of atoms P; with i # 0 (that is, the collection of
typical atoms of P}), let

C_.=U{4E € us(4)<e "h+2)y
C0= U {A €E¥¢: e'"(h“") §,uB(A) = e—"("_”)},
C,=U{4€E€ e "< yy(4)},

and let C = P,, so that C, C_, C,, C, are exclusive and exhaustive. Note that
all the atoms 4 in C, satisfy uz(4) = e~"%*9; we need to show that uz(C,) >
1 — /2. We already know that uz(C) = uz(P,) < d,. Also, since C_ contains at
most #(P) atoms,
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1p(C_) < #(P)e "¢+
< en(h +6)e-—n(h +24)

— e—n6

b

which is less than J, when 7 is large. It remains to bound uz(C, ), which we
proceed to do in a roundabout way. Since pz(C), mz(C_) < ,, our continuity
principle implies that C and C_ each contribute at most &n(h + ) to
H(P | B), yielding a joint contribution of at most 2d,n(h + 8) < né. C, con-
tributes at most

up(Coyn(h + 26) = (1 — pp(C)n(h + 26)

to H(P | B), and C, contributes at most u(C,)n(h — ). Thus H(P | B) is at
most
né + (1 — pug(C )n(h + 26) + up(C)n(h — &)

=n(d + (1 — up(C WA + 26) + pp(C A — €))
=n(d + (h + 20) — up(C. Xh + 26) + pup(C.)(h — &)
=n((h +39) — us(C.)(20 +¢))
=n(h + 39 — up(C,)e).

But our atom B was chosen so that H(P | B)>n(h — d). Hence

45
h—38<h+35~u(C.le. w(C.le<4d, and py(C.)<~ <§.

It follows that
15(Co) =1 — up(C) — up(C_) — up(C)
>1—-4,—d,—¢l4
>1—e/2.

Thus, we have shown that on a set of fibers B of total measure > 1 — &/2, the
conditional measure of the set of points x € B for which yz(P}(x)) = e " "#*9 ig
> 1 — ¢/2. This implies the desired result. O

THEOREM 1. Let R be a sub-c-algebra of R® ,,. Fix 0 <& < 1. Then there
exists a positive constant C such that for all n, the function u(P(x) | RB(x)) has
value e ~"¢®)19XC op q set of measure > 1 —¢.
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ProoF. Theorem 1 holds for all n exceeding some large integer N; if we
choose C large enough, the new error-factor e *¢ will take care of the (finitely
many) cases n = N. [m]

We now derive consequences about motley names of total length 7, consist-
ing of a P-block of length n, and a Q-block of length n, — n,. That is, we look at
the components of the partition P1v Qf,,, which we denote Pfv Qf,, for
convenience.

THEOREM 2. Fix 0<e < 1. Then for all n sufficiently large, and for all
0 < k = n, there exists a set of fibers of R® ,, of total measure > 1 — ¢, on each
of which all but ¢ in conditional measure of the components of P¥v Q} | have
mass e ~"®*9 with

1
6= . (kh(P) + (n — k)h(Q))

(note that 0 depends on k).
PROOF. Let § =¢%2, and write
S(x) = u(PHx) | RY o (x)),
g(x) = u(Q7 ~Hx) | (RZE v P2, )(x)).

Applying Theorem 1’ to P with 8 =R"_, we find C such that f(x) has
value e ~¥#(®")292C o 3 set of measure > 1 — J. Also, applying Theorem 1’ to
Q with #=R-k vP%, ., C(PVvR)?,, we find C’ such that g(x) has value
e~ Q)T oy 4 set of measure > 1 — 4. Thus the function

2((PEY QF 1)) | R® (X)) = fix)g(T*x)
has value
e—k(h(P)irS)iCe—-(n—k)(h(Q)iJ)iC’ — e-—no.t(mi+C+C')

on a set of measure > 1 — 26 = 1 — ¢2. The error exponent né + C + C’ may
be replaced by 2nd (which may in turn be replaced by ne) provided C + C’ =
nd; that is, provided n = (C + C”)/d. The fact that the set of “good” x’s has
measure > 1 — ¢? implies that for a set of fibers BER?  of total measure

> 1 — ¢, the set of good points has conditional measure > 1 — ¢ on B. O

The same argument more generally proves:
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THEOREM 2. Consider partitions PV, P@, ... P9, with entropies
hi=h(T,PY) (1=j=r), and fix 0<e <. Then for all natural numbers
ki, ks, . . ., k, with sum n sufficiently large (where we put n; =k, + - - - + k; for
convenience), there exists a set of fibers of R _ of total measure >1—¢, on
each of which all but ¢ in conditional measure of the components of

Px=V V T-ip0

J=1i=n_1+1
have mass e~"®*9, with § = (1/n)Z]_, k;h;.

Now we need to be able to “re-order the quantifiers” in Theorem 2, so that
the set of exceptional x’s does not depend on k. We cannot simply lump
together the exceptional sets determined by different values of k; these sets are
of size ¢ but there are n of them.

Here is the key idea of the proof, in the especially tractable case that Pis a
refinement of Q: Since the partitions Pfv QF ., =P*v Qi (k=1,...,n)form
an increasingly refined nested family, we see that for each x € X, the mass of
(Pkv QF.1)x) is a decreasing function of k. Fix x, and suppose that some
particular value k is “bad” with respect to x, so that for that k, (Pf v QF , | }(x) is
either too big or too small in mass by a factor of at least ™. If the mass of
(P¥v QF,1)(x) is too small in comparison with its mandated value, then
k+ 1,k +2,...are nearly as bad as k, since the mass of (Pfv QF,,)(x) can
only decrease as kK — n while the mandated value of the mass decreases slowly
(as a linear function of k); on the other hand, if the mass of (Pfv QF, | )(x) is
toobig,thenk — 1, k — 2, . . . are nearly as bad as k for the same sort of reason.
In either case, bad behavior at one particular value of k implies almost-as-bad
behavior for many neighboring values. If we “station” some special values of k
along the way from 0 to n, then ensuring good behavior at the special values
suffices to ensure almost-as-good behavior everywhere. The number of such
equally-spaced stations required in order to guarantee good behavior every-
where is independent of 7, so that we can lump together the exceptional sets
that correspond to the special k and still keep control over the measure of the
union of these sets.

The above idea works equally well when Q is a refinement of P. In the
general case, when neither P nor Q is a refinement of the other, an extra trick is
required: we need to put a “buffer zone” in between the two blocks, and appeal
to Theorem 2’ with r = 3. The details appear below.
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THEOREM 3. Fix 0<e < 1. Then for all n sufficiently large, there exists a
set of fibers BER" , of total measure > 1 — ¢, on each of which it is the case
that for all but & in conditional measure of the points x €B,

us((PEv QF,1)(x)) = e~"te)

for all k < n, where
1
6, = . (kh(P) + (n — k)h(Q)).
PrOOF. Let B be one of the good fibers from Theorem 2." Let K be some

positive integer exceeding 84(P v Q)/e, and let § = ¢/2(K + 1). For all n, let
L =L, =[n/K], so that

L="cn (—s_)
K 8h(Pv Q)
and
)] LQ2h(Pv Q)—h(P)—h(Q)) = LQRh(Pv Q))<ne/4.

For each n, set
RO®=PivQr,,, RO=P*'vQp ., and RP=PivQr,, .,
where L depends on #. For all x, we have
R¥(x) C R®(x) € R¥(x)
(hence the +, — notation); indeed, whenever |k’ — k| = L, we have
(2) R®(x) C R¥Y(x) C R¥(x).

Call x € B good at k if R*)(x) has uz-mass e ~"%*?, and very good at k if R®(x)
and R¥(x) both have uz-mass e "%*#?. We will find a sparse but evenly-
spread subset S of [0, 7] such that nearly all points x in B are very good at all
k€S; we will then show that if x is very good at all k€S, it is good at all
ke€[0, n].

Applying Theorem 2’ to the three-block name

R(—k)(x)=P{c_LV(PVQ)I’:iIE+1 VL4

t Added in proof. Thisis not well-defined, since k has not been specified. It is necessary that the
fiber B be simultancously good with respect to k = [in] for all 0 </ < K; but since X is fixed, this
causes no problems.
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with n sufficiently large, we see that for each individual &, the negative of the
logarithm of the u,-mass of R®)(x) is, for all but J in uz- measure of the points
X E€B, equal to

(k —L)h(P)+2Lh(Pv Q)+ (n —k — LYh(Q) * ne/4
=kh(P)+ (n — k)h(Q) + L2h(P v Q) — h(P) — h(Q)) £ ne/4
=kh(P)+(n —k)h(Q) £ ne/2  (by(1))
=n(0, * &/2),

this is,
up(RE(x)) = e~nxe

for all but  in up-measure of the points x. Similarly, if n is large enough, it
must be true that for each individual &,

U(REN(x)) = e~ mbxel2)

for all but ¢ of the points x (this time we use Theorem 2’ applied to a motley
partition built from P, the trivial partition, and Q). Therefore, for each k, all
but 24 of the points of B are very good at k; and it follows that all but
(K + 1)-26 = ¢ of the points x € B are very good at 0, [n/K], [2r/K], ..., and
[Kn/K] (=n). (That is, we choose stations at values of k in the set
S={[in/K]1:0=i =K}.)

It suffices now to show that if x is very good at k = [in/K], it is good at every

Fix such a k’, and note that since |k — k’| = n/K,

h(PY—h
|m—m4=w_qungjgu

_nhPvQ)
K n

=h(PvQ)
K
€
<-.
8
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Assuming x is very good at k, the inclusions (2) imply that

up(R¥(x)) = up(RP(x))

é e~ n(0,—e/2)

é e~ n(6,.—ée)
and
1s(R®(x)) Z p(RY(x))

> e—n(0k+s/2)
—n(6,.+
z e n( & 8)’

whence x is good at k.

Thus, we have shown that for all x € B outside a set of uz-measure <g, xis
good at all kin [0, n]. Since this works on all good fibers B, and since the good
fibers occupy all but ¢ of the measure of X, we are done. O

The same reasoning also proves

THEOREM 3. Consider PV, P®, . . PY with entropies h, hy, ..., h, as
in Theorem 1’, and fix 0 <& < 1. Then for all n sufficiently large, there exists
a set of fibers B of R® , of total measure > 1 — ¢, on each of which it is the
case that for all but & in ug-measure of the points x € B, it happens that for all
natural numbers k,, k,, . . ., k, with sum n, all of the sets P*(x) (defined as in
Theorem 2') have respective masses e~ "®*9 with 0 = (1/n)Z]_, k;h;.
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